Aims. General analytical formulas for the damping rate by resonant absorption of slow sausage modes in the slow (cusp) continuum are derived and the resonant damping of the slow surface mode under photospheric conditions is investigated. Methods. The connection formula across the resonant layer is used to derive the damping rate for the slow sausage mode in the slow continuum by assuming a thin boundary. Results. It is shown that the effect of the resonant damping on the slow surface sausage mode in the slow continuum, which has been underestimated in previous interpretations, could be efficient under magnetic pore conditions. A simplified analytical formula for the damping rate of slow surface mode in the long wavelength limit is derived. This formula can be useful for a rough estimation of the damping rate due to resonant absorption for observational wave damping.
Introduction
It is well-known that magnetohydrodynamic (MHD) waves are omnipresent in the lower solar atmosphere. Hence clarifying how much wave energy transfers to and dissipates in the upper atmosphere is an important issue (e.g. Kanoh et al. 2016) . Because the waves in the lower atmosphere are related to the motions of sunspots, magnetic pores, and granules, slow waves are of particular interest. Recently, the advances in instrumental technologies have made it possible to observe slow waves and their damping. After the first identification of sausage wave in magnetic pores (Dorotovič et al. 2008) , studies on the characteristics of sausage modes in different situations followed (e.g. Morton et al. 2011; Dorotovič et al. 2014; Moreels et al. 2015a) . The identification of the wave mode is based on simplified modelling of the magnetic flux structure into a long, straight, cylindrical flux tube. This theoretical approach allows to specify, for example, the dispersion curves, phase relations between different physical parameters for each wave modes, and wave energy flux (Edwin & Roberts 1983; Evans & Roberts 1990; Fujimura & Tsuneta 2009; Moreels et al. , 2015a Freij et al. 2016) .
Some observations show rapid damping of the slow waves (e.g. Krishna Prasad et al. 2014; Grant et al. 2015) . The wave damping is thought to be due to thermal conduction, compressional viscosity, optically thin radiation, and area (field line) divergence, while the gravitational stratification causes an increase of the wave amplitude. De Moortel & Hood (2003) compared the effect of thermal conduction with that of compressive viscosity under coronal conditions and found that thermal conduction, when it is dominant, causes minimum damping time (or length). They subsequently investigated the effect of optically thin radiation, gravitational stratification, and area divergence on the wave damping (De Moortel & Hood 2004) . It was shown that the gravitational stratification has a crucial role in increasing the damping length and a general area divergence can also lead to a significant damping of the wave amplitude. Interestingly, frequency dependence of the wave damping was recently found by Krishna Prasad et al. (2014) , which was interpreted as a sign of damping by thermal conduction (Mandal et al. 2016 ). Independently to these mechanisms, to explain the strong damping reported in Grant et al. (2015) , decay as a leaky mode, high reflection at the cut-off, and mode conversion into fast mode at the transition region are suggested.
On the other hand, resonant absorption can also cause rapid decay of waves. This mechanism is considered as a strong candidate for explaining the damped transverse (kink) oscillations of the coronal loops (e.g. Goossens et al. 2002 Goossens et al. , 2008 . In addition to the investigation of the damping rate (see e.g. Van Doorsselaere et al. 2004; Soler et al. 2013) , it is also important to know how much wave energy can be absorbed in the resonant layer (see e.g. Terradas et al. 2006; Arregui et al. 2011; Soler et al. 2013; Yu & Van Doorsselaere 2016) . In the lower atmosphere of the Sun, the presence of the slow resonance along with or without the Alfvén resonance can crucially affect resonant absorption (e.g. Keppens 1995 Keppens , 1996 . Cadez et al. (1997) studied resonant absorption of slow and fast magnetosonic waves in the presence of local Alfvén or slow continua in Cartesian geometry, while Ruderman (2009) focused on the wave motion at the resonance layer in the presence of both the slow and Alfvén resonances when they are very close to one another. The competition of resonant absorption with viscosity and thermal conductivity was dealt with by Ruderman et al. (2000) and it was shown that the resonant absorption is dominant over viscosity damping and damping by thermal conductivity when lζR e 1 where l is the thickness of the transitional layer, ζ the wavenumber, and R e the parallel total Reynolds number. Soler et al. (2009) considered the oscillation of a kink mode in a filament thread, which undergoes resonant damping in both the Alfvén and slow continua in cylindrical geometry. They found that the damping due to the slow resonance is negligibly weak compared to that due to the Alfvén resonance. Very recently, the study on resonant absorption of axisymmetric modes (m = 0) in the Alfvén continuum in the presence of a twisted magnetic field showed that both the longitudinal magnetic field and the density have crucial roles in the wave damping (Giagkiozis et al. 2016) . If there is no azimuthal magnetic field, only resonant absorption in the slow (cusp) resonance for axisymmetric modes is possible.
As shown in the paper by Soler et al. (2009) , it is often believed that the effect of slow resonance on the wave damping is much lower than that of Alfvén resonance, but for the mode m = 0, the characteristics of the wave damping due to resonant absorption is not well known. Therefore we investigate this issue theoretically, especially for the slow surface mode.
The paper is structured as follows. In Sect. 2, we obtain the dispersion relation for the magnetic pore conditions by assuming that the plasma is homogeneous inside and outside the pore. In Sect. 3, we derive the damping rate for the slow surface wave by considering a thin transitional layer between inner and outer regions of the pore by using the connection formula. In this section, we also introduce the model configuration for the transitional layer. The results are shown in Sect. 4. We conclude the paper in Sect. 5.
Dispersion relation
We consider a uniform axisymmetric cylinder of magnetic field B iẑ inside and B eẑ outside the flux tube in the absence of steady flow. The inner (i) and outer (e) regions of the flux tube satisfy the pressure balance equation
where µ 0 is the magnetic permeability and p is the plasma pressure. The density contrast between the inside and the outside of the flux tube is given as
where v s = γp/ρ is the sound speed, v A = B/ √ µ 0 ρ the Alfvén speed, γ the ratio of the specific heats (adiabatic index), and ρ the density.
We begin with linearised ideal MHD with the dependence exp (k z z + mφ − ωt) where k z is the longitudinal wavenumber, m the azimuthal wavenumber, and ω the angular frequency of the wave. Let us first deal with the case of a true discontinuity at the boundary r = R where the inner region (r < R) and the outer region (r > R) are homogeneous. At the boundary, the density ρ changes abruptly from its internal value ρ i to its external value ρ e . The dispersion relation is then obtained by imposing continuity of total pressure P and of the radial component of the Lagrangian displacement ξ r (Sakurai et al. 1991; Goossens et al. 1992) :
where ω A = k z v A is the local Alfvén frequency and we have used the relation (see e.g. Sakurai et al. 1991; Goossens et al. 1992 )
For the surface wave eigenmodes, Eq. (4) can be reduced to
where the prime denotes the derivative with respect to the entire argument, I m and K m are modified Bessel functions of first and second kinds, respectively, and A i,e is the matching coefficient. The radial wave numbers, k i and k e , are given by
where
, the cusp speed, and ω s = k z v s .
From the continuity of total pressure (A e K m = A i I m ), we obtain the dispersion relation D m = 0 for azimuthal wave number m:
We are concerned with the sausage mode (m = 0) in the present paper. From Eq. (8) we find that the eigenfrequency satisfies the following relation
This is a complicated equation for ω since ω appears in k i , k e , and Q 0 . We need to solve it numerically as has been done by, for example, Edwin & Roberts (1983) . For the body modes, we need to use Bessel function J m instead of I m and + sign instead of − sign in k 2 i in Eq. (7). We use the values of parameters for the inner magnetic pore described in Grant et al. (2015) and typical values of parameters for the outer region of the magnetic pore, which were not present in the paper. We plot several eigenmodes for m = 0 in Fig. 1 : fast surface mode (fs), eight slow body modes among multiple solutions (sb1-sb4), and slow surface mode (ss). It follows from the figure that the slow surface mode is in the cusp frequency range 0 = v Ce < v ss ≤ v Ci while the slow body modes are in the range v Ci < v sb ≤ v si . This means that when the discontinuity is replaced by continuous variation, the slow surface wave (ss) has its frequency in the slow (cup) continuum and hence will be resonantly damped.
In the incompressible limit (v si , v se → ∞), k e (k i ) → k z , then Eq. (10) reduces to (see e.g. Edwin & Roberts 1983) 
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All quantities are normalized by v si .
In this limit, the right hand side of Eq. (11) has no dependence on ω.
For k z R < 1, from Eq. (A.5), Eq. (11) reduces
where we have used ln(k z R/2) + γ e ≈ ln(k z R). For k z R 1 and ω ≈ ω Ci we can assume ω 2 = ω 2 Ci + α, then the condition D 0 = 0 (Eq. (10)) leads with the aid of Eq. (A.5) (dropping all higher order terms of k i R and k e R) to
Equation (13) can further be reduced to (10)) with those by using the analytical formulas α (Eq. (17)) and β (Eq. (18)). The α and β are indistinguishable in the figure. The parameters are the same as in the previous figure.
by applying
where χ = ρ e /ρ i . Here α appears only in k 2 i , which leads to the simple expression, Eq. (14).
We then obtain for α
which automatically yields the formula for k 2 i :
When we alternatively use ω = ω Ci + β, we get for β (see Moreels et al. 2015a )
where we have used the relation ω
Ci + 2βω Ci . These two approximations are identical within first order. In Fig. 2 , we compare the α approximation (Eq. (17)) with the numerical result and the β approximation (Eq. (19)) for the frequency of the slow surface (ss) mode (Eq. (10)). The two approximations give almost the same values for the range of small k z R, indistinguishable in the figure. The difference between the numerical result and the two approximations are less than 0.8% for k z R ≤ 1. Although it still gives small error for k z R > 1, the approximations are not reasonable anymore when k z R > 1 because the phase speed crosses over the line v Ci , entering into the body mode regime.
Resonant absorption in the slow continuum
In the previous section, we consider a discontinuous model with two uniform regions. However in reality there exists an inhomogeneous layer between them, which may affect the wave dynamics as we show in this section. One way to deal with this problem is to derive and then solve the differential equations for the relevant quantities by starting from the ideal MHD equations. For m = 0 with a longitudinal straight magnetic field and with the dependence exp (k z z − ωt) as considered in previous section, we can derive a second-order ordinary differential equation for ξ r (for a more detailed derivation see e.g. Sakurai et al. 1991; Goossens et al. 1992; Giagkiozis et al. 2016 
This differential equation has a singularity at ω = ω C (r) where resonant absorption can occur. Due to the presence of the transitional layer, the value of ω C (v C ) changes continuously from ω Ci (v Ci ) to ω Ce (v Ce ). This regime is called the slow (cusp) continuum. For the photospheric conditions such as the magnetic pore conditions, we have the relationship v Ce < v Ae < v Ci < v si < v se < v Ai (see Fig. 1 ) and there exist no modes for v < v Ae and v > v se . For the slow surface mode v Ce < v ss < v Ci , so the slow surface mode may undergo resonant absorption in the slow continuum.
The situation totally changes when we consider coronal configurations, v Ce < v se < v Ci < v si < v Ai < v Ae . Coronal conditions do not allow wave modes for v < v Ci , v si < v < v Ai , and v > v Ae . Therefore the slow surface mode (v < v Ci ) is not allowed to exist in the corona (see e.g. Figs. 3 and 4 in Edwin & Roberts 1983) and, as a result, no resonant absorption for the slow surface mode is possible there. There exists a cut-off region for the slow surface wave between the photosphere and the corona, where the slow surface mode would have total reflection. On the other hand, the body modes can exist in both atmospheres when v Ci < v sb < v si , so the slow body modes can propagate into the corona from the photosphere.
In general, we need to solve Eq. (20) to obtain the required information. However, when the transitional layer is thin compared to the radius of the tube and our interest is on the strength of the wave damping, we can apply an analytical method, which is introduced in the next subsection.
Connection formula
In Sect. 2, we point out that the eigenfrequency ω r (v ss ) of the slow surface mode is smaller than ω Ci (v Ci ), so that this mode will undergo resonant damping when there is a non-uniform layer at the boundary. When there is resonant absorption (damping) the dispersion relation has an additional imaginary part. Sakurai et al. (1991) and Goossens et al. (1992) had developed the analytical formula to connect the damping effect due to the resonant absorption to the dispersion relation.
We replace the discontinuity of density at r = R with a continuous variation in a non-uniform layer [R − l/2, R + l/2] from ρ i to ρ e . The thickness of the non-uniform layer is l. A fully nonuniform flux tube corresponds to l = 2R. Here we use the thin boundary approximation so that the analytic solutions for P and ξ r can be used in the intervals [0, R − l/2] and [R + l/2, ∞[. In this way we avoid numerical integration of the ideal MHD equations. The connection formula for the slow continuum is given by
where subscript c denotes the position of slow resonance (r = r c ) and c = d(ω 2 − ω 2 C )/dr| r=r c . The condition for P is the same as before (Eq. (3) ).
Since we use the thin boundary approximation (l R), r c is approximately equal to R which we use in the calculation. Of course, when we consider the thick boundary, r c can differ from R. From Eqs. (4) and (24) we obtain P e ρ e (ω 2 − ω 2 Ae )
3.2. Analytical solution for the damping rate of the slow surface mode
Here we develop analytical formulae for the damping rate of the slow mode. For the surface mode which is of interest, Eq. (25) can be reduced to
where we have used the continuity of P (P i = P e = P c ) and A i,e,c is the matching coefficient. As before for the discontinuous case we can eliminate the coefficients A i , A e to arrive at the dispersion relation. The dispersion function D m has a real and an imaginary part. Eliminating the matching coefficients by using the continuity of the total pressure, we have the dispersion relation D m = 0 which is
and D m can be written as D m = D mr + iD mi . When there is resonant damping, the wave frequency has real and imaginary parts: ω = ω r + iγ m where ω r is the eigenfrequency of the wave mode. The imaginary part γ m can be obtained by γ m = −D mi /(∂D mr /∂ω)| ω=ω r (e.g. Goossens et al. 1992 ) by assuming |γ m | ω r . We obtain for D mi
and D mr 
For the sausage mode (m = 0) we obtain,
In the incompressible limit (v si (v se ) → ∞), γ 0 reduces to
since T 0 goes to zero.
Linear profile for the cusp velocity v C
We are interested in simplified analytical expressions for the damping rate. Therefore, we consider simple profiles for the transitional layer f.e. a linear profile for the cusp velocity v c in the transitional layer (r i ≤ r ≤ r e ):
where r e = R + l/2 and r i = R − l/2. Then c becomes
From this formula we can easily see that the damping rate is linearly proportional to l.
In the long wavelength limit we obtain
Long wavelength limit
In the limit k i R(k e R) 1, the imaginary part γ 0 can be reduced to, by using the asymptotic expansion of Q 0 , G 0 , P 0 and S 0 (Eqs. (A.5)-(A.8)),
We can further simplify Eq. (40) for k z R 1 and ω r ≈ ω Ci (using Eqs. (15)- (18)), then Eq. (40) becomes
Here we have only left a most dominant term in the denominator of the second line in Eq. (40). For the linear cusp velocity (Eq. (39)), we then obtain
If we consider the photospheric (magnetic pore) conditions where ω Ae (ω Ce ) 0, Eq. (44) becomes
These formulas would be helpful to roughly estimate the damping rate for waves with a long wavelength in the longitudinal direction. For more detailed derivations of Eqs. (42) and (44) 
Results
One of our goals is to derive a simple analytical formula for the slow sausage mode in the slow continuum. Another focus is on how strong the effect of resonant damping on the wave is. To estimate this, we have used the parameters v Ae = 0 km s −1 , v Ai = 12 km s −1 , v se = 11.5 km s −1 , v si = 7 km s −1 , v Ce = 0 km s −1 , and v Ci = 6.0464 km s −1 (=0.86378v si ), which are the same as in previous figures.
We consider the linear cusp velocity profile shown in Sect. 3.3 and show the results in Fig. 3 where l/R = 0.1. Here we have used formulas Eqs. (35) a decreasing function of ω r /ω si , showing that the damping effect due to resonant absorption is very small. For k z R = 5, |γ 0 |/ω r ≈ 0.00216, and then the ratio of damping time to the period τ D /T is (1/|γ 0 |)/(2π/ω r ) = 1/(2π|γ 0 |/ω r ) ≈ 73.6. This value is quite big compared to the typical value for resonant damping of the kink mode, which is approximately 2-4 (e.g. Goossens et al. 2002) .
In Fig. 4 we show l/R-dependent behaviour of (a) the damping rate |γ 0 |/ω r and (b) the ratio of damping time to the period τ D /T for different k z R values. The other parameters are the same as in previous results. Since the wave frequency of slow surface mode depends on k z R, we denote the corresponding wave frequency for each k z R in panel a of the figure. The damping rate |γ 0 |/ω r increases as k z R and l/R increase. The ratio of damping time to the period τ D /T , as a result, decreases as k z R and l/R increase. For example, when k z R = 5 and l/R = 0.5, τ D /T ≈ 14.7, which is comparable to, but still larger than the corresponding value for the kink mode.
In Sect. 3.4, we have derived a simple formula for the damping rate in the long wavelength limit where ω ≈ ω Ci . In Fig. 5 , we compare this formula, Eq. (45), with the analytical formula, Eq. (35) (panel a in Fig. 3) for the same linear cusp velocity. The figure shows that the long wavelength limit approximation overestimates the damping rate when k z R < 0.354 and underestimates it when k z R > 0.354, resulting in convergence when k z R goes to zero. The valid range of the long wavelength limit approximation is small. The difference between two formulas becomes larger as k z R increases from 0.354. So, the long wavelength approximation leads to an underestimation under magnetic pore conditions. Note that Eq. (45) has no dependency on the frequency; the frequency is fixed as ω Ci , while Eq. (35) has a frequency dependence (ω = ω r ). The assumption of a linear cusp velocity in the transitional layer is a rough treatment for the resonant damping. In general, the structure of the transitional layer is more complicated. We need to consider certain profiles for density, magnetic field, and pressure, which should satisfy the condition for an equilibrium. By considering the linear density profile and linear pressure profile in the inhomogeneous layer, we have found that the damping rate increases by a factor of ≈10 compared to that for the linear cusp velocity. We will show the detailed results for this configuration in a future paper.
Summary and discussions
We have derived a new (to the best of our knowledge) general analytical formula (Eq. (35)) for the damping rate of the slow surface sausage mode in the slow continuum by considering the thin boundary (TB) approximation. Although we have focused on the analytical solution Eq. (35) with Eq. (10) for the damping rate of the slow surface sausage mode, we point out that Eq. (31) is a general formula applicable to any kind of surface modes (any m values). If we change the modified Bessel function I m into Bessel function J m in Sect. 2 we also obtain the analytical formula for the body modes with arbitrary m (not shown in the paper) provided that the frequency of the body mode is in the slow continuum. The same procedure adopted in this paper has been applied before to the wave damping by resonant absorption for m > 0 (see e.g. Sakurai et al. 1991; Goossens et al. 1992) .
By considering a linear cusp velocity in the transitional layer and the long wavelength limit for the surface mode under photospheric conditions, we have obtained simple analytical formulas, Eqs. (44) and (45), which can be useful to roughly estimate the wave damping due to resonant absorption for the wave with long longitudinal wavelength. We have compared this simplified version with our former analytical formula. The difference between the two formulas is relatively small when the longitudinal wavelength is long.
We have applied the analytical formula to the observational rapid damping of slow surface mode in Grant et al. (2015) . For the conventional magnetic pore R ≈ 0.5−3 Mm and k z = 2π/λ z = 2π/4400 km, which yields k z R ≈ 0.7−4.3. For k z R = 4.3 and l/R = 0.5, the assumption of a linear cusp velocity (Eq. (38)) gives |γ 0 |/ω r = 0.0089. Then the ratio of damping time to wave period is approximately 17.9. This value can be further reduced if we consider linear density and linear pressure profiles in the transitional layer as mentioned in the previous section. This result implies that the resonant absorption in the slow continuum could be efficient for the damping of the slow sausage waves in the lower solar atmosphere, although the damping of the sausage mode in the slow continuum is not as extremely rapid as that of the kink mode in the Alfvén continuum. In previous studies, the role of the slow resonance in wave damping for m > 0 was considered to be negligible compared to the Alfvén resonance due to the factor (τ DA /τ Ds )
, which is very small in the upper solar atmosphere (Soler et al. 2009) , where the subscripts A and s denote the Alfvén and slow resonances. Our results also signify that the damping rate is crucially dependent on the density, pressure, and magnetic field profiles. On the contrary, the obtained damping periods are too long to explain the rapid decay of the wave energy flux in Grant et al. (2015) . The resonant absorption mechanism is not very important in this case, but it could play a crucial role in other observations of slow sausage wave damping.
Our theory is based on the assumption that the magnetic flux tube maintains its shape with only a small perturbation during the wave propagation and associated resonant absorption, so the practical effect on the wave damping would be below the theoretical estimate. Expanding magnetic flux structure of sunspots and magnetic pores restricts the range of validity of modelling it as a straight cylinder. Extension to a more general magnetic field configuration is necessary.
Whilst we have considered a straight magnetic field along the cylindrical tube, the inclusion of azimuthal field makes it possible for both Alfvén and slow resonance continua to overlap in some frequency regime. Although it is complicated and difficult to analytically study, resonant absorption of the sausage modes in both continua may give intriguing results as, for example, Giagkiozis et al. (2016) have shown that the longitudinal field and density is of importance when considering the damping rate of sausage modes in the Alfvén continuum. This issue will be pursued in the future.
have
For (dk i /dω) and (dk e /dω) we derive
and, in the same way,
For dQ m /dω we obtain 
